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Influence of Small Spherical Particles on the Spatial Director
Distribution and Light Scattering in a Nematic Cell

I.P. PINKEVICH* AND V.YU. RESHETNYAK®

2Physics Faculty, Kiev University, prosp.Glushkova, 6, 252022 Kyiv, Ukraine,
bInstitute of Surface Chemistry National Academy of Sciences of

Ukraine, prosp. Nauki, 31, Kyiv, 252022, Ukraine

Director spatial distribution near a small spherical particle is calculated
for the case of weak director anchoring with the particle surface. The
differential cross-section of the light scattering by the director inhomoge-
nuity near the particles is calculated in dipole approximation. We use the
Percus - Yevick approximation for hard spheres to account for interference
effects. It is studied the influence of the external ac electric field on the
director profile and magnitude of light scattering cross-section.

Keywords: filled liquid crystals; light scattering, theory

I. INTRODUCTION

Heterogeneous liquid crystal (LC) systems are widely studied during the
last time because of their current (possible) use in different technologies for
displays applications. Some representatives of such systems are: polymer
dispersed liquid crystals (PDLC)[”, filled liquid crystals(®, ferronematics
- dispersion of magnetic particles in LC matrix¥l, porous glass dispersed

liquid crystalsi3],

dispersion of small water droplets in a nematic lig-
uid crystalll dispersion of fine plate-like clay mineral in a nematic liquid
crystall’), dispersion of ultra-fine particles of carbon black and titanium
dioxide in ferroelectric liquid crystals®. Many of heterogeneous LC sys-

tems possess strong electronically controlled light scattering effects. This

[589)/145
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permits the development of new types of display which have some advan-
tages in comparison with traditional LC displays.

This paper is the first in the series of theoretical studies of the proper-
ties of filled liquid crystals. Even bearing in mind the widespread applica-
tions of other heterogeneous LCs, the technical applications of filled LCs
seem to be extremely promising[g'“]. In particular the previous studies
of the scattering type displays based on the filled LC have demonstrated
their essential additional potential advantages. For instance, their con-
trast is independent of the viewing angle, thermostability is extremely
high (which is only restricted by the thermostability of LC), there is no
need for index matching and the display fabrication technology is rather
simple.

Filled LCs consist of a low concentration of highly dispersed pyrogenic
silica (aerosil), typically 2-3 volume percent, in a nematic LC. The pri-
mary particles form larger aggregates via hydrogen bonding!!%1). These
silica particles, of diameter 1004, cause the appearénce of multiple defects
in the LC orientational structure, which give rise to strong light scatter-
ing. The transformation and disappearance of a good proportion of these
defects in an electric field causes an initially opaque medium to become
transparent. When the electric field is removed the system may ecither
return to the initial high scattering state - this is known as reversible re-
sponse, or it may (partially or completely) remain transparent, in which
case the phenomenon is known as memory response.

When mixed with LC, the silica aggregates may also form a three
dimensional network and thus divide the LC into domains of typical di-
mensions in the range of 100 — 300nm!%. The actual structure of the filled
LC strongly depends on the surface properties of silica particles and their
concentration in a suspension and will be considered in the next papers.

In this paper we consider the liquid crystal matrix filled with small
spherical silica particles which rémain in the form of colloidal suspension(?”!,
These solid particles produce the LC director inhomogencities around in-
clusions that cause intensive light scattering. Applying voltage reorients
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director along the electric field and sample may become transparent. Due
to the small particles concentration there is practically nor overlapping of
the LC director distortion areas caused by the neighbouring particles nor
the influence of the particles themselves on the optical properties of a cell.

This paper is organised as follows. In subsection II A from the con-
dition of minimum of the total free energy we writc down the Euler -
Lagrange equation and boundary condition to it. In subsection IIB we
find director field distortion caused by a small solid spherical particle in a
nematic LC matrix in the switched off state. Then in subsection IIC we
study the influence of an applied electric field on this director distribu-
tion. Next in section III we discuss light scattering by the system under
consideration. Finally in section IV we make some concluding remarks.

Some technical results are relegated to the appendices.

II. DIRECTOR DISTRIBUTION IN LC MATRIX CONTAIN-
ING SMALL SPHERICAL PARTICLE

A.. Free energy minimization

We consider a small spherical particle of radius R in a nematic LC subject
to homeotropic boundary conditions at the particle surface. We also sup-
pose that an external homogeneous electric field is applied to the sample.

The total free energy of the system is then

F=F,+ Fg+ Fs (1)

1
Fu = 5K / [(divn)® + (rot n)?) @V —
—%K%/div (ndivn +nx rotn) dV,
€a

Fp = -2 [ (n-E)*av,

8r
1 2
F‘S = §W/(n-e,) ds.



Downloaded by [University of Haifa Library] at 20:17 20 August 2012

148/[592] L. P. PINKEVICH AND V. YU RESHETNYAK

The first term in F describes the bulk elastic free energy, the second
term is responsible for the contribution to the free due to the applied
external electric field, and the last term describes the anchoring of LC
director at the particle surface in the form of Rapini potentiall?!l. Here
K, K, are the LC elastic constants, ¢, is LC dielectric constant anisotropy
at the frequency of applied ac voltage, W is so-called anchoring energy,
and e, is the unit vector directed along the droplet radius.

Minimization of the total free energy subject to the condition n? = 1
leads to the following Euler - Lagrange equation (see Appendix A)

KAn+;11;E,,E n-E)+M=0, reV (2)
and boundary condition

(K — Ky) {rotn x e, + e, divn} +
+Koy(e,-V)n+We,(n-e,)—pun = 0, re8S. (3)

Here X and p are Lagrange multipliers.

In mathematical sense this problem is similar to the problem of direc-
tor configuration within spherical LC droplet in a polymer matrix under
a weak homeotropic anchoring that we considered in®?. In the general
case of an arbitrary value of the anchoring energy W equation (2) subject
to the boundary condition (3) can be solved only numerically. However if
the anchoring energy is sufficiently small ( £ = EKE < 1, as we shall see
later), then approximate solution can be found in the analytical form.

B. Weak anchoring sqlution '
Let the anchoring energy W is sufficiently small so that the director dis-

tribution n (r) may be presented in the form
n=ny+4n,

where ny is the director orientation in the homogeneous cell without par-
ticle and én <« 1.
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In the spherical coordinate system with Oz axis directed along the

vector ng we have
on ={V¥(0,r)cos ¢, ¥ (#,7)sing,0}, ¥{#,r)K1,

7,8, ¢ are the spherical coordinates.
Substituting this into the boundary condition (3} and linearizing it

with respect to én one get the following equation

(R8I 4 (@) + Jesnas) =, ()
dr 2 r=R

where kqq = %, §= %
The form of boundary condition (4) gives us the clue to seek solution

of (2) as
U (6,r) =sin26f (r) .

On substituting this into (2) we have the following equation for f (r)

20 4 1 EGEZ 2) .
ref' +2rf f(6+47rKr)—0, (5)

where E is the electric field in homogeneous LC cell.
First consider the case when the external electric field is absent, E = 0.
Then solution to the equation (5) is

f (7") = C]T_a .
The unknown constant C; we find from the boundary condition (4), and
finally get:
sin 26 R\?
v, r)=(——| =1} . 6
00 =65 (+) ©)

From (6) it is seen that ¥ (8, r) is small if the anchoring parameter £ < 1.
For typical values of R ~ 100 - 10004, K ~ 10~%dyn this condition is
valid at W « 107!erg/em?. It is also seen that R is the characteristic

length of dn decrease.
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C. Filled liquid crystal in an electric field

Now we switch on the external electric field. It is convenient to introduce

the non-dimensional parameter

T

=
lg’

darK -
where [p = ‘IE_WE_E is so called electric field correlation length®). Then
the equation (5)atakes the form

2 f" +2zf' — f(6+2%) =0.
The solution to this equation can be written in the form

f (.L') = Cz\/;KWQ (.’L‘) s

where K5/, (z) is the modified spherical Bessel’s function

Kspo () = \/%exp(—z) (1 + % + fi) .

(24]

Respectively ‘
-1/2
ong (r,0,0) = CQ\/g (i) Ks/a ({5) sin 20cos ¢, (7
7 (r\V? T
5ny (’I‘, 0, ¢) = Cz\/; (E) K5/2 (z;) sin 2()sm¢

In contrast to the power law of director deviation spatial decrease in a
switched off state now dn goes to zero exponentially with the characteristic
length scale lg. Unknown constant C; in (7) we find from the boundary
condition (4):

1 exXpIpr

G2 = & | 1 3 3
(ieg) Germra) 0 ()
1 Thexpzg
5;1:?{+3z?t+6rtn+6_+k24($§{+3xn+3)’
where
R
zR=Z;.
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From the comparing of expressions (6) and (7) for the director devia-
tion dn it is seen that threshold value of the applied ac voltage to switch
the behaviour of the system from OFF to ON state can be estimated from

the condition
ZE = Ra

80
arK\'?
e
&R
In the case of strong anchoring when the anchoring parameter £ > 1
director deviation én cannot be considered small, and the director distri-
bution near the particle surface is either close to e, with a disclination
ring(®»26lor to a hyperbolic hedgehog with point defect!®!. Influence of an
applied electric field onto director configuration near a spherical particle

at strong anchoring is a subject of the next paper.

III. LIGHT SCATTERING

We confine our interest to the problems in which the single scattering
problem can be solved within the dipole approximation®. The light
scattering differential cross-section can be written in the form
2

i , (®)

an

do _
aQ

€q é(qs) * €y

where e,, e, are the unit vectors of the polarization of the incoming and
outgoing waves with wave vectors k and k’ respectively, q, = k' — k is the

scattering wave vector,

{(a,) = / (6e(x) — T) exp {—iq,-r} dr (9)

is the Fourier transform of (8¢ (r) — I).
Now we recall the relationship between liquid crystalline and optical

properties. Locally at a point r the liquid crystalline optical properties
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are defined in terms of the director n(r) by the dielectric constant é(r) at
the relevant optical frequency, where:

Gij (l') = 61_6,'_-,' + eamnj.
here ¢ and ¢, are parallel and perpendicular components of the dielectric
constant.

Supposing that concentration of particles is small enough, so that the

regions of director distortion caused by different particles do not overlap

we have

€ (r) = e,] + Zée,, (r—- rm) (a- |r — 1),

eij = (G_j_ + €a ;z)

V@) = {3 228

661']' (r - rm) = & (‘Sizdjzdnz (l‘ - rm) + 51';6,';511, (l‘ - rm)
+ Jizéjyény ( !'m) + Jﬂéwénv l‘m)) )

here we direct Oz axis of laboratory coordinate system along np, a is an
averaged distance between particles, and summation is taken over all N
particles.

Substituting this into (8) we get

-:j—g T6r 2'6(1 deau (qs) - e,,l <N+Z exp {—iq,- (rm_rm')})(l())

m#Em’

Introducing the positional pair-correlation function?’ g(r), we can

write

LS exp (i (tm—tw)} = X [ g () exp {~ia, ¥} de’, (1)
, 1%

m;ém’

where E in the number of particles per unit volume. The Fourier trans-
form of g (r) given by eq.(11) has a strong peak at q, ~ 0 that in fact does
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not contribute to the scattering and usually is subtracted®®2%, Therefore
we can rewrite eq.(10) as
do k*
dQ  16m2

where S (q,) is so-called structure factor. In liquid theory much effort is

N Iea : 560;1 (qs) . 6#|2 S (qs) ) (12)

extended in the determination of S (q) . In what follows we use the Percus-
Yevick approximation!®for direct correlation function to calculate S (q)
and give relevant formulas in the Appendix B.

If the incident light is not polarized one has to average cq.(12) over the
polarization, and finally for incoming light with the wave vector k || Oz

we get
dU k4 1 2
a 1—67;2§N|5fn (Qs) + dezy (as)|° S (qs)

4

k
= g€V Ine (@) +ny (@) S (@) ,

where n; (q;),ny (Q,) are the Fourier transforms of én, (r) and dn, (r)

which are determined by the expressions of the section I1A.
Further for simplicity we suppose that scattering occurs in the ZOY
plane and scattering angle between k and k' is ¥, then

g, = (O,ksin 9, —2k sin? g) .

A. Light scattering in the switched off state

In the switched off state from (6) we obtain

Il

ns (q) /Jn,(r) exp{—iq-r}dr

_ B /0o dz / 40 sin 0 sin 29 <P 1719 Rz cos 0}
4 (1 + %kg,;) 1 0 x

2n
x / cos ¢ exp {—igyRz sinfsin ¢} do
0

= 0,
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and
n,(q) = /ény(r)exp{—iq-r}dr (13)
3
= —L/ d:r/dﬂsm9s1n20 exp {—ig: Itz cos 6}
( + ]Cg4 T

2T
x/ d¢sin ¢ exp {—ig, Rz sin O sin ¢} .
0

These integrals can be evaluated only numerically, however in the limit
of small angle light scattering when ¢R < 1 one obtains the following

analytical expression for n, (q) (see Appendix C)

VU 0 k) 2

and thus

do 1 1 1 2 4 ) )
——~— | ——— ) (kR t2 S [ 2kRsin= | .
40 Nt R €22 — 7on (1 + %k%) (kR) cot” 5 ( s 2)
For typical values of R < 10004 and A = 0.5 this approximation is valid
for scattering angle 9 < 0.1.

In Fig.1 we show the numcrlcal results for the light scattering diffcren-

tial cross-section, 10 y Q _N_RETEQ in the switched OFF state for different

values of particle concentration 7. Fig. 2. presents the influence on light

scattering of the parameter kR (ratio between the particle size and light

2
wave length kR = —7;5)

B. Light scattering in the switched on state

In the switched on state from (7) we obtain
ne(@ = [ ona(r)exp{~iq-r}dr

3 o0 3
= lETng/ dzrexp(—z) (x+3+—)

2 R/lg T
x / df sin @ sin 20 exp { —ilgzq, cos )}

0
2m

X d¢exp {—ilgpzgysinfsin ¢} cos ¢ = 0,
0
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0,010 n=005

0,008

kR=1.5
(R~0.1p1, A~0.4y1)
0,008

do/dC2

0,004

0,002

0,000 4 ) ) ) ‘
00 05 10 15 20 25 30
v

FIGURE 1 See text for explanation

do/dQ

FIGURE 2 See text for explanation

[599)/155
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0.020
0.018}
0.016¢ RA= 0.1
0.014
0012}
0.010¢
0.008 -
0.006 -
0.004

do/dQ

0 05 10 15 20 25 30
V]

FIGURE 3 See text for explanation

n,(q) = / dny(r) exp {—iq-r}dr (14)

3 00

= lFﬂC'g/ dz exp (—z) (z+3+§>
2 R/l T
X / df sin @sin 28 exp {—ilgzq, cos B} (15)
0
27
P dpexp {—ilgzq,sinfsing}sin¢. (16)

0
If we are interested in the small angle light scattering when glg < 1,

then (see Appendix C)
R

J
n, (q) ~ -—?—e Is (R*+151% +1515 R+615 R?) l4m*k* C, sin O sin® 3

and respectively

do 1 L 2(4 g +15+ 1524+ 62} 2)2
dQ NmR2e2£? 151'R+3(15R+6$R+6+k24(TR+3TR+3)

s g 2?)’ D
x (klg) | sindsin 3 S 2k'Rsm§ .
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For typical experimental parameters: €, = 10, K = 10~%dyn, cell thickness
L = 10pu, applied voltage U > 10 volt we have l[p < 1p.

For ¢l;; 2 1 integrals in (14) can be cvaluated only numerically. In

Fig.3 we show the numerical results for the light scattering differential
do 1
cross-section per particle, 10— ————, in the switched ON state at
perp Q) NrR2e2€?

different values of the applied voltage (Ig).

IV. CONCLUSIONS

Under the weak homeotropic director anchoring with the particle sur-
face the director distortion in the cell volume decreases with distance
r to the particle centre as 7=3. Characteristic length of director signifi-
cant change equals approximately the particle’s radius R. The external ac
voltage changes the law of director decreasc to exponential one with the
characteristic length of decreasing lp. The switching of the director con-

figuration from the switched OFF state to the switched ON state occurs
arK\'?

eqIt?
Characteristic multiplier showing the decrcasing of light scattering

at the value of electric field F > Ey, = (

cross-section value upon switching on of the ac electric field (E > Ey)
2\?

has the order of itude | =

as the order of magnitu <)\R

In the future papers in this series we shall be addressing the problems
of light scattering in diffraction regime and at higher particles concentra-

tion when silica network is formed.

APPENDIX A: FREE ENERGY VARIATION

To find director field n (r) that minimizes the total free energy (1) subject
to the constrain n? = 1 in the cell volume and at particle surface one has

to evaluate the first variation of the functional:

¢ = %K/ [(divn)? + (rotn)*] dV —
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1
—§K24 /div (ndivn + nx rot n) dV

a 1
—;—W (n-E)’aV — -2—/,\n2dV+

1 .
+§W/(n-er)zd5— %/,unzdS.

Here A and p are Lagrange muitipliers.

éd

K/ [divndiv én + rot n- rot én] dV

—%Kﬂ /div (dndivn + énx rotn) dV

—-;—KM /div (ndivén + nx rot én) dV
—:—;’r/(n-E)(dn-E)dV

- / An-dndV + W/(n -e,)(dn-e,)dS - //m-éndS
It is easy to check the following

divadivb = div(adivb) —a-Vdivb,
rota-rotb = div(axrotb)+ a-(Vdivb—Ab)
Applying these formulas and Gauss theorem we get
5 = —K/[én-An+ rot n- rot énj dV/
+K/e- (dnxrotn)dS + K / (e-6n)divndS
—%K% /e- (dndivn + ndivén + 6n>.< rotn + nx rot dn) dS
€q

- [ @-E)¢n-B)av

—//\n-éndV-i-W/(n-er)(6n-e,)dS—/pn~6ndS.

Here e is the external normal to the particle surface which in the case of

spherical particle coincides with e,.
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Using the fact that fZ e-rotbdS = 0 if Y is a closed surface (this
follows from Stokes theorem) and equality
ndivén + nx rot dn = rot (nxén) + dndivn— (dn-V)n + V,, (n-dn),
where Vg, means taking derivatives of dn only, we finally obtain

5o = —K/:Sn- (An+€—"E(n-E)+)\n> dv
4
+ (K — Ka) /Jn ((rotn x e,) + e, divn)dS
+K24/5n- (e, V)ndS

+W/(5n- (n-e,)edS — /5n-;mdS.
From the necessary condition of minimum, §¢ = 0, one get the following
Euler - Lagrange equation (2)
KAn+z‘%6aE(n-E) +An=0, reV,
and boundary condition (3)
(K — Ky) (rotn x e, + e, divn) +
+Ky (e, - V)n+We,(n-e.)—un = 0, resS.

APPENDIX B: PERCUS.YEVICK APPROXIMATION FOR
STRUCTURE FACTOR

Suppose we treat assembly of particles in our cell as a fluid of hard spheres
and employ the Percus-Yevick approximation®!. Then
1
S(qs) = ———
) = e @)
where c¢(q,) is the Fourier transform of the Ornstein-Zernike direct corre-

-1, (17)

lation function®”], p is the particles number density,

“\1 = 672 (ﬁ) ~lnn (5%)3 r < 2R

0 r>2R

¢(r) =
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Here

2
1+ ln
(1+ 2n)* 2
M=, A=,
(1-n) (I-n)
and 7 is the parking fraction

4
= —R3.
n 3 P

Taking Fourier transform we have
1 sin 2¢R — 2qR cos 2qR
ﬁc (qs) = =2) e
2(qR)? cos2gR — 2qRsin 2qR — cos 2qR + 1
‘R
+ (2 (qR)* cos 2gR + 3cos 2qR — 6 (qR)* cos 2qR

+ 6gRsin2gR — 4 (gR)*sin 2¢R — 3) nA, (¢°R?) -

(18)

APPENDIX C:

In this Appendix we estimate n, (q)at small q. From (13) we have

ER? * " s.exp{—ig, Rz cos b}
ny(q) = W/l dz/o d@ sin @ sin 20

T

2m
x/ d¢sin ¢ exp {—ig, Rz sin O sin ¢}
0

= —21”————1—— / d9sm0$m 26
4 ( k24
X / dz 22 {= zquRz cos 0} Ji (gyRzsin0) .
1 T

Here to find
27
d¢sin ¢ exp {—ig, Rz sin fsin ¢}

we introduced a new function
2

It = dgsin pexp {—itsin @} ,

0
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then it is easy to evaluate the integral

27
/I(t) dtzi/ dexp {—itsing} = 2miJy (8) ,
. 0

and finally to obtain

1(t) = 2mid} (t) = —2mid, (t)

[605)/161

where J, (t) is Bessel’s function. At small angle light scattering, when

gR <« 1, we have

1
%Jl (gyRrsinf) ~ quR siné

1 1
at 271 and —J, (¢,Rzsin0) "7 at £ > 1, thercfore
T I
-7 (R
4 (1+ 3ka)
oo
x/ exp {—ig, Rz cos 0} dz
1

r R4
4 (1 + %k%) q.

n,(q) = /0 df sin @ sin 20q, R sin §

3 1
= _W_—ﬁ_i_i__ qy/ exp (—ig, Rt) (1 — t*) dt

2(1+ Lka) g:
L e ]
2 (1 + %k%) 4. ¢ °

1

x (Qie—iq,R _ 26—iq;quR = 21:61'(];"(’- - 2ei(IthzR)

ER? Qy 2
R =
(1 + %k‘24) q, 3

2r  ERS Y

&

ER(ERTHRE S

Similarly from (14):
n(q) = /5ny(r) exp {—iq-r}dr

3 *
= L_WCQ/ dx exp (—x) <z+3+ é)
2 R/l €T

x/ df sin 8 sin 20 exp {—ilgzq, cos 0}
0

/ 2exp (—ig, R cos 8) sin® 8d6
0
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2m

X dp exp {—ilgzg, sin @ sin ¢} sin ¢
0

= —i2r’3C, dzexp (—z) <x +3+ E)
R/lp T

X /01r df sin 6§ sin 20 exp {—ilgzq, cos 6} J, ({gzq, sin 6)
If we consider small angle light scattering when lzg < 1 then
Ji (lgzqysinf) ~ %lEqu sin g,
exp {—ilgzq, cos8} =~ 1 — ilgzq, cosf

. . R .
at actual for integration values of z ~ — ~ 1 (we are interested now in
E
light scattering near the threshold voltage)

0o

ny(q) = —i27r2l%Cglqu/
R/lg

X / (1 — ilgzq, cos8) sin 0 sin 20 sin Hd6
0

dzexp (—z) (1: +3+ §> x
x

oo

= QWZISECzquz/

3
exp (—z) (:B +3+ —) idx
R/lg T

X / cos @ sin @ sin 20 sin 6d0
0

R
= %e e (R® 41503 + 150LR + 6l R?) 27%1%.Cagyq.
Rk
= —%e_lb’ (R*+1513+15[3 R+6lg R?) 12,1 k*C, sin O sin® g
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