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Influence of Small Spherical Particles on the Spatial Director 
Distribution and Light Scattering in a Nematic Cell 

I.P. PINKEVICHa AND V.YU. RESHETNYAKb 
aPhysics Faculty, Kiev University, prosp.Glushkova, 6,252022 Kyiv, Ukraine, 
bInstitute of Surface Chemistry National Academy of Sciences of 
Ukraine, prosp. Nauki, 31, Kyiv, 252022, Ukraine 

Director spatial distribution near a small spherical particle is calculated 
for the cast of weak director anchoring with the particle surface. The 
differential cross-section of the light scattering by the director inhomoge- 
riuity near the particles is calculated in dipole approximation. We use the 
Percus - Yevick approximation for hard spheres to account for interference 
effects. It is studied the influence of the external ac electric field on the 
director profile and magnitude of light scattering cross-section. 

Keywords: filled liquid crystals; light scattering, theory 

I. INTRODUCTION 

Heterogeneous liquid crystal (LC) systems are widely studied during the 
last time because of their current (possible) use in different technologies for 
displays applications. Some representatives of such systems are: polymcr 
dispersed liquid crystals (PDLC)['], filled liquid crystals['], ferronematics 
- dispersion of magnetic particles in LC matrix['], porous glass dispersed 
liquid  crystal^[^^^], dispersion of small water droplets in a nematic liq- 
uid crystalL6], dispersion of fine platelike clay mineral in a nematic liquid 
crystal171, dispersion of ultra-fine particles of carbon black and titanium 
dioxide in fcrroelectric liquid crystals[8]. Many of heterogeneous LC sys- 
tems possess strong elcctronically controlled light scattering effects. This 
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permits the development of new types of display which have some advan- 
tages in comparison with traditional LC displays. 

This paper is the first in the series of theoretical studies of the proper- 
ties of filled liquid crystals. Even bearing in mind the widespread applica- 
tions of other heterogeneous LCs, the technical applications of filled LCs 
seem to be extremely prornising[""l. In particular the previous studies 
of the scattering type displays based on the filled LC have demonstrated 
their essential additional potential advantages. For instance, their con- 
trast is independent of the viewing angle, thermostability is extremely 
high (which is only restricted by the thermostability of LC), there is no 
need for index matching and the display fabrication technology is rather 
simple. 

Filled LCs consist of a low concentration of highly dispersed pyrogenic. 
silica (aerosil), typically 2-3 volume percent, in a nematic LC. The pri- 
mary particles form larger aggregates via hydrogen b ~ n d i n g [ ~ ~ ~ ' ~ ] .  These 
silica particles, of diameter l O O A ,  cause the appearance of rnultiple defects 
in the LC orientational structure, which give rise to strong light scattar- 
ing. The transformation and disappearance of a good proportion of these 
defects in an electric field causes an initially opaque medium to become 
transparent. When the electric field is removed the systcm may either 
return to the initial high scattering state - this is known as rcversible re- 
sponse, or it may (partially or completely) remain transparent, in  which 
case the phenomenon is known as memory response. 

When mixed with LC, the silica aggregates may also form a three 
dimensional network and thus divide the LC into domains of typical di- 
mensions in the range of 100-300n~n~ '~~.  The actual structure of the filled 
LC strongly depends on the surface properties of silica particles and their 
concentration in a suspension and will be considered in the next papers. 

In this paper we consider the liquid crystal matrix filled with small 
spherical silica particles which remain in the form of colloidal suspension["). 
These solid particles produce the LC director inhomogencities around in- 
clusions that cause intensive light scattering. Applying voltage reorients 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [59 I ]/I 47 

director along the electric field and sample may become transparent. Due 
to the small particles concentration there is practically nor overlapping of 
the LC director distortion areas caused by the neighbouring particles nor 
the influence of the particles themselves on the optical properties of a cell. 

This paper is organised as follows. In subsection I IA from thc COII- 

dition of minimum of the total free energy we write down the Euler - 

Lagrange equation and boundary condition to it. In subsection I I B  we 
find director field distortion caused by a small solid spherical particle in a 
nematic LC: matrix in the switched off state. Then in subsection I1 C we 
study the influence of an applied electric field on this dircctor distribu- 
tion. Next in section I11 we discuss light scattering by the system undcr 
consideration. Finally in section IV we make some concliiding remarks. 
Some technical results are relegated to the appendices. 

11. DIRECTOR DISTRIBUTION IN LC MATRIX CONTAIN- 
ING SMALL SPHERICAL PARTICLE 

A. Free energy minimization 
We consider a small spherical particle of radius R in a nematic LC subject 
to homeotropic boundary conditions at  the particle surface. We also s u p  
pose that an external homogeneous electric field is applied to the sample. 
The total free energy of the system is then 

[(div n)2 + (rot n)2] dV - 
2 

div (ndivn  + n x  rot n) dV, 

F~ = -- ( n . ~ ) ~ d ~ ,  
87T s 
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148/[592] I. P. PINKEVICH A N D  V. Y U  RESHETNYAK 

The first term in F describes the bulk elastic free energy, the second 
term is responsible for the contribution to the free due to the applied 
external electric field, and the last term describes the anchoring of LC 
director at the particle surface in the form of Rapini potential[21]. Here 
K ,  K24 are the LC elastic constants, E. is LC dielectric constant anisotropy 
a t  the frequency of applied ac voltage, W is so-called anchoring energy, 
and e, is the unit vector directed along the droplet radius. 

Minimization of the total free energy subject to the condition n2 = 1 
leads to the following Euler - Lagrange equation (see Appendix A) 

(2) 
1 

4T 
KAn+--E,E (n - E) + An = 0, r E V 

and boundary condition 

( K  - K24) {rot n x e, + e, div n} + 
+K24 (e, V) n+We, (n e,) -pn = 0, r E S. (3) 

Here X and p are Lagrange multipliers. 
In mathematical sense this problem is similar to the problem of direc- 

tor configuration within spherical LC droplet in a polymer matrix under 
a weak homeotropic anchoring that we considered in[22]. In the general 
case of an arbitrary value of the anchoring energy W equation (2) subject 
to the boundary condition (3) can be solved only numerically. However if 
the anchoring energy is sufficiently small ( << 1, as we shall see 
later), then approximate solution can be found in the analytical form. 

= 

B. Weak anchoring sglution 
Let -the anchoring energy W is sufficiently small so that the director dis- 
tribution n (r) may be presented in the form 

n=n,,+dn, 

where 
ticle and dn << 1. 

is the director orientation in the homogeneous cell without par- 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [5933/149 

In the spherical coordinate system with Oz axis directed along the 
vector no we have 

6n = {Q (0,r)cos$,Q (e,r)sin$,O}, \k ( e , r )  K 1,  

T, 8,d are the spherical coordinates. 
Substituting this into the boundary condition (3) and linearizing it 

with respect to 6n one get the following equation 

K24 W R  where k24 -- -, < = -. 
K K 

The form of boundary condition (4) gives us the clue to seek solution 
of (2) as 

3 (8, r )  = sin 20f (r) 

On substituting this into (2) we have the following equation for f ( r )  

r2f” + 2rf’ - f 6 + - = 0 ,  ( :Zr2) ( 5 )  

where E is the electric field in homogeneous LC cell. 
First consider the case when the external electric field is absent, E = 0. 

Then solution to the equation (5) is 

f ( r )  = c,r-3. 

The unknown constant C1 we find from the boundary condition (4), and 
finally get: 

From (6) it is seen that 9 (0, r )  is small if the anchoring parameter ( << 1. 

For typical values of R - 100 - l O O O A ,  K N l0W6ddyn this condition is 

valid at  W << 10-’erg/cm2. It is also seen that R is the characteristic 
length of bn decrease. 
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150/[594] I .  P. PlNKEVlCH A N D  V. YU RESHETNYAK 

C. Filled liquid crystal in an electric field 
Now we switch on the external electric field. It is convenient to introduce 
the non-dimensional parameter 

r x = -  
1.E ’ 

where 1~ = 

the equation (5) takes the form 

is so called electric field correlation lcngthrzJ]. Then 
&,E2 

X 2 f ”  + 2xf‘  - f (6  + 2 2 )  = 0 

The solution to this equation can be written in the form 

where K5/2 (z) is the modified spherical Bessel’s functi0n[~‘1 

Respectively 

In contrast to the power law of director deviation spatial decrease in it 
switched off state now 6n goes to zero exponentially with the characteristic 
length scale l E .  Unknown constant C2 in (7) we find from the boundary 
condition (4): 

1 exp X R  

7r 3 1 6 9  1 3 3  cz = [- 
1+-+- + -+-+7 ( X R  xi) ( X R  2; ‘ X R  

1 X; exp X R  
= [- 

x i  + 3x2, + 6 2 ~  + 6 + k24 ( x i  + ~ x R  + 3 )  ’ 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [595]/151 

From the comparing of expressions ( 6 )  and (7) for the director devia- 
tion bn it is seen that threshold value of the applied ac voltage to switch 
the behaviour of the system from OFF to ON state can be estimated from 

the condition 

SO 

In the case of strong anchoring when the anchoring parameter < >> 1 
director deviation 6n cannot bc considered small, and the director distri- 
bution near the particle surface is either closc to e, with a disclinatiori 

ring[25i2610r to a hyperbolic hedgehog with point defectM. Influence of an 
applied electric field onto director configuration near a spherical particlc 
at  strong anchoring is a subject of the next papcr. 

111. LIGHT SCATTERING 

We confine our interest to the problems in which the single scattering 

The light problem can be solved within the dipole 
scattering differential cross-section can be written in the form 

where e,, e,‘ are the unit vectors of the polarization of the incoming and 
outgoing wavcs with wave vectors k and k’ respectively, q, = k’ - k is the 
scattering wave vector, 

t (q,)  = (&(r) - I )  exp { -iq,.r} dr J (9) 

is the Fourier transform of (6; (r) - I). 
Now wc recall the relationship between liquid crystalline and optical 

properties. Locally a t  a point r the liquid crystalline optical properties 
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152/[596] I. P. PINKEVICH AND V. YU RESHETNYAK 

are defined in terms of the director n(r) by the dielectric constant t(r) a t  
the relevant optical frequency, where: 

here € 1 1  and cl are parallel and perpendicular components of the dielectric 
constant. 

Supposing that concentration of particles is small enough, so that the 
regions of director distortion caused by different particles do not overlap 
we have 

1 x r o  { 0 x < o  v(x) = 

here we direct Oz axis of laboratory coordinate system along nor a is an 
averaged distance between particles, and summation is taken over all N 
particles. 

Substituting this into (8) we get 

Introducing the positional pair-correlation g (r) , we can 
write 

" J  V 
1 
N - C exp{-iq,.(rm -rrnt)} = - g(r')exp{-iqs~r'}dr', (11) 

m#m' 

N 
V 

where - in the number of particles per unit volume. The Fourier trans- 
form of g (r) given by eq.(l l)  has a strong peak at q, -N 0 that in fact does 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [597]/153 

not contribute to the scattering and usually is 
we can rewrite eq.(lO) as 

Therefore 

where S (qs) is so-called structure factor. In liquid theory much effort is 
extended in the determination of S (9) . In what follows we use the Percus- 
Yevick approxirnati~n[~~]for direct correlation function to calculate S (9) 

and give relevant formulas in the Appendix B. 
If the incident light is not polarized one has to average eq.(12) over the 

polarixation, and finally for incoming light with the wave vector k 11 Oz 

we get 

where n, (qs), ny (qs) are the Fourier transforms of 6n, (r) and dn, (r) 
which are determined by the expressions of the section IIA. 

Further for simplicity we suppose that scattering occurs in the ZOY 
plane and scattering angle between k and k' is 6, then 

0, k sin 6, -2k sin2 

A. Lieht scattering in the switched off state 
In the switched off state from (6) we obtain 

n, (9) = / bn,(r) exp { -iq - r} dr 

exp { -iq, Rz cos 8 )  
X 

- - 'R3 Srn dx [ d8 sin 8 sin 28 
4 ( 1 +  $24) 1 

cos q5 exp { -iq,Rx sin 8 sin q5} dq5 I'" 
= 0, 
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154/[598] I .  P. PINKEVICH A N D  V. Y U  RESHETNYAK 

and 

ny (9) = J' fin,,(r) exp (49. r} dr 

x 12n d 4  sin 4 exp { -zqyRz sin 0 sin 4} 

These integrals can be cvaluatcd only numerically, however in the liniit 
of srriall angle light scattering when qR << 1 one obtains thc following 
analytical exprcssion for ny (9) (see Appendix C) 

and thus 

- da  1 
dR NTR~E'CX - 721r 1 + i k 2 4  2 

- - 1 (-) l 2  (kR)4  cot2 !S (2kRsin i) 
For typical valiiw of R 5 l O O O A  and X = 0.5p this approximiition is vali(1 
for wattmirig angle 19 < 0.1. 

In Fig.1 we show the numerical results for the light scattering diffiwn- 
d a  1 
dS2 NITR E ,  

tial cross-section, lo4- 2 ~ 2  in the switched OFF state for different 

values of particlc concentration";. Fig. 2. presents the influence on light 
scattering of the parameter kR (ratio between the particle size and light 

wave length kR = -). 

B. Light scattering in the switched on state 
In the switched on state from (7) we obtain 

n, (9) = /6n,(r) exp { -iq . r} d r  

21rR 
x 

d4  exp { - i lExqy sin 0 sin 4} cos 4 = 0, I" 
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INFLUENCE O F  SMALL SPHERICAL PARTICLES 

q = 0.05 0,010 
I 

[SYY]/ '155 

u 

FIGURE 1 See text for cxplanatiori 

u 

FIGURE 2 See text for explanat,ion 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 2
0:

17
 2

0 
A

ug
us

t 2
01

2 



I56/[600] I .  P. PlNKEVlCH A N D  V. Y U  RESHETNYAK 

0.020 

0.018 1 
R/k= 0.1 i p, kR = 1.5 

0.016 

0.014 
'1 =0.1 

0.008 t ::://jA\ 
0.002 

0.00% 
.O 0.5 1.0 1.5 2.0 2.5 3.0 

u 

FIGURE 3 See text for explanation 

7~~ (9) = / 6ny(r) cxp { -iq . r} dr (14) 

d0 sin 8 sin 28 exp { -ilEzq, cos 0) (15) 

dq5 exp { - i lExqy sin 0 sin d} sin q 5 .  .I'" 
If we arc! interested in the small angle light scattering when ql ,  << 1 ,  

then (see Appendix C) 
R 

32 -- d 
ny (9) z --Ee IE (R3+151L+151iR+61fi;R2) liIr'k2C2sin13sin2 - 

2 
and respectively 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [601]/157 

For typical experimental parameters: E, = 10, K = 10-'ddyn, ccll thickncss 
L = lop, applied voltagc U 2 10 volt we have 1~ < 111. 

For y l , ~  2 1 integrals in (14) can be cvaluated only numerically. In 

Fig.3 we show the numerical results for the light scattering differential 
da 1 

cross-section per particle, lo4- in the switched ON state at 
dR N W R ~ C ; < ~ '  

different values of the applied voltage ( 1 ~ ) .  

IV. CONCLUSIONS 

Under the weak homeotropic director anchoring with the particle sur- 
face the dircctor distortion in the cell volume decreases with distancc 
r to the particle centre as T - ~ .  Characteristic length of director signifi- 
cant change equals approximately the particle's radius R. Thc extcrnal ac 
voltage changes the law of director decrease to exponential one with the 
characteristic length of decreasing 1 ~ .  The switching of the director (*ow 
figuration from the switched OFF state to the switched ON state occurs - 

at t,he value of electric: field E 2 Eth = (:;;) - 'I2 
Charactcristic multiplier showing the decrcasitig of light scattering 

cross-section valuc? upon switching on of the ac electric field ( E  >> E t h )  

has the order of magnitude 

In the future papers in tliis series we shall be addressing the problems 
of light, scattering in diffraction regime and a t  higher particles concentra- 
tion when silica nctwork is formed. 

APPENDIX A: FREE ENERGY VARIATION 

To find director field n (r) that minimizes the total frcc energy (1) subject 
to thc constrain n2 = 1 in the cell volume and at  particle surface one has 
to evaluate thc first variation of the functional: 

[(divn)2 + (rotn)'] dV - 
2 .  
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I58/[602] I .  P. PINKEVICH AND V. YU RESHETNYAK 

- 5Kz4 div (n div n + nx rot n) dV ' 1  
- s / ( n . E ) 2 d V -  - 1 JXnZdV+ 

2 2 '1 
87r 2 

+ I w  J (n . er)2 dS  - - pn*dS. 

Here X and p arc Lagrarige multipliers. 

6@ = K [div n div 6n + rot n. rot 6n] dV J 
--KZ4 

--KZ4 

-% J (n . E) (bn . E) dV 

div (6ndivn + 6nx rot n) dV 

div (n div 6n + nx rot 6n) dV 

2 ' 1  
2 ' 1  
41r 

I t  is easy to check the following 

div a div b = div (a div b) - a.V div b, 

rot a . rot b = div ( ax  rot b) + a (V div b- Ab) 

Applying these formulas and Gauss theorem we get 

6@ = -K [6n.An + rot n. rot bn] dV J 
J J +K e. (6nx rot n) dS + K ( e h )  div ndS 

e .  (bndiv n + ndiv 6n + Snx rot n + nx rotbn) dS 

-5 J (n . E) (6n.E) dV 

- J Xn.6ndV + w (n . e,) (bn - e,)  dS - / pn.6ndS. 

4lr 

s 
Here e is the external normal to the particle surface which in the case of 
spherical particle coincides with e,. 
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INFLUENCE OF SMALL SPHERICAL PARTICLES [603]/15Y 

Using the fact that  sc e .  rot brtS = 0 if is a closed snrface (this 
follows from Stokes theorem) and equality 

ndiv 6n + n x  rot 6n = rot ( n x 6 n )  + 6ndiv n- (6n.V) n + Vdn ( n d n )  , 

whcre Vdn means taking derivatives of bn only, we finally obtain 
E 

6cP = -K 6n. A n + Q E ( n . E )  +An) dV 

+ ( K  - K ~ ~ )  J 6n ((rot n x e,)  + e, div n) dS 

+ K ~ ~  J 6n. (e , .V)  ndS 

+W J 6n. (n . e , )  e,dS - bn.pndS. 

J ( 4.ir 

J 
From the necessary condition of minimum, 6@ = 0 ,  OIIC get the following 
Euler - Lagrange equation (2) 

1 
4lT 

KAn+---c,E (n E) + An = 0, r E V ,  

and boundary condition (3) 

( K  - K;!,,) (rot n x e, + e,  div n)  + 
+K24 (e, . V) n+We, ( n  . e,) -pn = 0, r ES 

APPENDIX B: P E R C U S - Y E V I C K  APPROXIMATION FOR 
S T R U C T L J R E  FACTOR 

Suppose we treat assembly of particles in our cell as a fluid of hard sphrrcs 
and employ the Percus-Yevick appr~ximation[~"]. Then 

where c (qs) is the Fourier transform of the Ornstein-Zernike direct corre- 
Iat,ion f ~ i n c t i o n [ ~ ~ ] ,  p is the particles number density, 

r > 2R 
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Here 

and pl is the parking fraction 
41r 

77 = 3 R 3 p .  

Taking Fourier transform we have 
1 sin2qR - 2qRcos2qR 

-c(qs) = -2A1 21r q3 
2 (qR)* cos2qR - 2qR sin 2qR - cos 2qR + 1 

q4R +1277A2 

+ (2 (qR)4 cos 2qR + 3 cos 2qR - G (qR)‘ cos 2q R 

+ 6qRsin2qR - 4 (qR)3sin2qR - 3) 77x1 (q6R3))-’ 

APPENDIX C: 

In this Appendix we estimate nY (q)at small q. From (13) we have 

exp { - iq ,  R.7: cos 19) 
.7: 

ER3 lm dz 1’ d8 sin 9 sin 28 
4 (1 + i k 2 4 )  

71Y (9) = 

x I’” dQ, sin Q, exp { -iq,Rx sin f? sin Q,} 

= -2ai R3 d0 sin 8 sin 28 
4 ( 1  +;km) o l* dzexp { -iq, Rx cos 8) J ,  (q&z sin 0) 

.7: 

Here to find l“ dq5 sin Q, exp { -iqyRx sin 8 sin 4} 

we introduced a new function 

I ( t )  = dQ,sinQ,exp{-itsinQ,} , I” 
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then it is easy to evaluate the integral 

/ Z ( t ) d t = i ~ = d m c x p { - i t s i n ~ }  = 27riJu(t) , 

and finally to obtain 

Z ( t )  = 27riJA ( t )  = - 2 ~ i J l  ( t )  , 

where J,, ( t )  is Bessel's function. At small angle light scattering, when 
q R << 1, we have 

1 1 
- J ,  (qy Rn: sin d )  M -qyR sin 0 
5 2 

.x x 3 ~ 2  

1 1 
at  z-1 and - J 1  (q,Rzsind) -- at x >> 1, tliercfore 

ny(q)  z -7ri FR3 1' d0 sin 0 sin 2dqy R sin H 
4 (1 + i k 2 4 )  

x Lrn exp { -iq,  R x  cos 0)  dx 

N ER3 9 y 2  
(1 + $4 423 

3 (1 + ik24) 2 

N -7r 

6 
cot - . 27r <R3 z -  

Similarly from (14): 

n,(q) = /dn,(r)exp{-iq.r}dr  
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x l'" d#J exp { -ilExqy sin 0 sin #J} sin 4 

x /" d8 sin 6 sin 28 cxp {-ilExq, cos e l  J, (1EZqy sin 0) 

If we consider small angle light scattering when 1,y << I then 

1 J1 (lExqy sin 8) M -1EXqy sin 8, 
2 

exp { -ilExq, cos 0) z 1 - ilExqz cos 8 

R 
1E 

at actual for integration values of x N - - 1 (we are intcrcstcd now in 

light scattering near the threshold voltage) 

ny (9) M -i2n21iC21~qy LzE dx exp (-x) x + 3 + - x ( 9 )  

x In cos 8 sin o sin 20 sin 

R 

R 
32 -r 1Y 

- - -- e E (R3+151~+151~R+61~R2) l ~ . ~ ~ k ~ C 2 s i i i 1 9 s i n ~  - 
15 2 '  
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